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1. Introduction

Schwarz’s lemma, as formulated by Pick, can be stated as follows: Every
holomorphic map f of the open unit disk D into itself is distance-decreasing
with respect to the Poincare-Bergman metric ds*, i.e. f*(ds®) < ds®, where
the equality holding at one point of D, implies that f is an isometry. Bochner
and Martin proved in their book [2] the following generalization of Schwarz’s
lemma to higher dimensions. Let D, be the n-dimensional open unit ball.
If f is a holomorphic map of D,, into D, such that f(0) = 0, then f(z) <z
for all zeD,. In other words, every holomorphic map of D, into D, is
distance-decreasing with respect to the Bergman metric ds}, and ds}, of D,
and D, respectively. Koranyi proved [9] that if M is a hermitian symmetric
space of non-compact type with the Bergman metric ds?, and f is a holo-
morphic map of M into itself, then f*(ds* < kds®, where k denctes the rank
of M. This is another generalized Schwarz’s lemma. Ahlfors was the first
to generalize Schwarz’s lemma by essentially considering the curvature; his
result can be stated as the following: Let M be a Riemann surface with
hermitian metric ds%, whose Gaussian curvature is bounded above by a
negative constant — B, and D the unit disk in C with an invariant metric ds%,
whose Gaussian curvature is a negative constant — A, then every holomorphic

map f: D — M satisfies f*(ds®) < %dsi,. Kobayashi generalized this result

to higher dimensional case in his recent paper [6].

Recently Chern [5] has shown that a holomorphic map f of D, into a n-
dimensional hermitian Einstein manifold N with scalar curvature less than
or equal to —2n(n + 1) is volume-decreasing. Kobayashi [8] generalized
the result of Chern to the case of a holomorphic mapping f from a more
generalized domain M (of dimension ») into a more general image manifold
N (of dimension n). This paper is devoted to a generalization of Schwarz’s
lemma as well as one of Chern’s results in his paper [5] concerning a
Laplacian formula for the ratio function of top volume elements between
hermitian manifolds.
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Let M and N be two hermitian manifolds with dimensions 7 and » respec-
tively. The simplest metrical invariant is the ratio of distance and volume
elements. In this case, in which we have different dimensions, the ratio of
volume elements of M and N is called the ratio of the intermediate volume
elements. This ratio has an important effect on the holomorphic mappings
between M and N, and the study of these ratios will be the main topic of
this paper.

In this paper we assume some basic knowledge in hermitian geometry,
such as complex and hermitian structures on a complex manifold and the
notions of connection and curvature of a holomorphic vector bundle, which
can be found in [3], [4], or the author’s dissertation [7]. In §2 we discuss
the Ricci and scalar curvatures in detail, and introduce the Laplacian on an
hermitian manifold. §§3 and 4 are devoted to defining some general ele-
mentary symmetric functions, such as the ratio function of distances, the
ratio function of intermediate volume elements and, in the case of manifolds
of the same dimension, the ratio function of top value elements, and to
deriving Laplacian formulas for those functions. These formulas are signifi-
cant because from them we find that the Laplacian of those functions will
involve connection form and curvatures only; hence they will give us the
desired geometrical result.

From the result of §4 and by using the maximum principle, we will discuss
the properties of holomorphic mappings from a compact hermitian manifold
into an hermitian manifold with certain curvature restrictions. The main
result in the last section will be stated as follows:

Let F: D,, — N be an holomorphic mapping, where D,, is the unit m-ball
in C™ with the standard Kaehler metric, and N is an n-dimensional her-
mitian manifold with negative constant holomorphic sectional curvature
(= —2m(m + 1)). Then f is distance-decreasing.

2. Foundations of hermitian geometry
From now on we will fix the notations throughout this paper as follows:

1<ij,k, 1,i, --,i,<m
1<, 8,7, 9,0, - ,a, <R
m+1<g,p,c<n
1<r,s5,t< .
In this section we will discuss curvature tensors in detail and derive a Lap-
lacian formula for a real-valued C~-function on an hermitian manifold.

First we consider curvature tensors. Let M be a hermitian manifold of
dimension m, that is, let M be a complex manifold with a hermitian structure
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on its tangent bundle 7. The hermitian metric defines an hermitian inner
product in 7 and a type (1, 0) connection which is invariant under parallel
translation. In the following we will discuss the tangent and cotangent
bundles. We know that a unitary frame is an ordered set of m tangent vectors
{s;} with the same origin such that {s;, s;> = 8;;. The dual basis to a unitary
frame {s;} in the cotangent bundle is a unitary coframe which consists of m
complex-valued linear differential forms 6 of type (1, 0) such that

(2.1) dsy = 3 696" .

Let B be the bundle of all unitary frames of M. Then the forms §¢ are
forms in B. It is known [6] that there exist connection forms &% in B such
that

2.2) gt = Y. 6/ A 6. + &
J

with

(2.3) 6+ 6i=0,

(2.4) o = 1

= = 2 T8/ N 6%.
2 5k
The 6¢’s are called torsion forms, and T%,’s torsion tensors.

By taking exterior derivative of (2.2) and using (2.2) again, we find ([3]
or [4])

2.5 dot = 300 N0 — 367N 6,
7 7
where
(2.6) i =df; + 3 6. N\ 6%
k

are the (1, 1) curvature forms satisfying
2.7 6 +6]=0.

Those (1, 1) forms &% can be written as

(2.8) O = = 3 Ri,0% N\ 6.

1
2 &
In terms of the coefficients RY,,, the symmetry properties (2.7) can be

written as

(2.9 R‘iikl = Ejm .
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The quantities R¢,, are functions in B and constitute the curvature tensors of
the hermitian metric.
We define the Ricci tensors R, as

(2.10) Rm = Z Riilcl - Rm »

and the scalar curvature as

2.11) R = Y R,
Kk

where R is a real-valued function in M.
Now we derive a Laplacian formula for a real-valued C= function on a
hermitian manifold. Let M and N be two arbitrary hermitian manifolds with

dimensions m and »n respectively. In the previous paragraphs we have already
defined

61:’ 63’ @ia @;’ R?’kls Rkl’ R
in M. Here we list the corresponding ones for N:

0%, w§, 2%, 25,55, 5,,, 5 .

b

Naturally all the general formulas discussed above remain valid by inserting
these quantities.

In the following we shall make no distinction between #¢ and 6;, 6% and 6,;
etc., because we will select unitary fields and unitary coframe fields.

Let u be any real-valued C= function on M. By choosing a local unitary
frame field and restricting ourselves to a neighborhood of M, we let

i

Taking the extericr derivative of (2.12) we get

Z: (du; — ZL: Ufr) A\ 0; + Z (di; — Zk: #:0.:) N\ 6,

@13 + Dubs + T =0.
Then let

2.14) du; — ; Ul = ; Wb + uy)
By considering the type of forms in (2.13), we have
(2.15) Z]jc b, N 0; + ; u®, =0,

or )

(2.16) S duby) = 3 uibe N ;.
1 i,k



HOLOMORPHIC MAPPINGS 303

From (2.12) we get

.17) d'u = Z u;d; .

Using (2.16) we have

(2.18) dd’'u = —dd'u = Z; u6; N\ 9;.
We define the Laplacian of u to be

2.19) duv =43 uy .

2

If u >0, we find
1 4 _
(2.20) dlogu = —Adu — — 3 u,ii, .
u ut 3

Remark. Here we should emphasize that u;, are the coefficients of 4 in
the equation of du;, and that u; are the coefficients of 4, in the equation of
du. This remark will be very useful later.

3. General elementary symmetric functions

We shall now derive a formula for the Laplacian of general elementary
symmetric functions of a mapping f: M—N between two hermitian manifolds.
By the latter we mean a symmetric function of the eigenvalues of the linear
transformation B = A4 ¢4 where

3.1 A=FfF:T3 > T%

in the linear map on the cotangent spaces induced by f.

First of all, we will discuss the algebraic situation.

Suppose ¥V, W be two complex vector spaces of dimensions m and »
respectively. Let {e, - - -, e,} be a basis for V/, and {f,, - - -, f,} a basis for
W. If p < min{m, n}, then {(e;, Ne, N---Ne )|l <i <ip <--- <P, <m}
forms a basis for 4V, and {f, AN fe N AN f I Sy <y <+ <a,<n}
forms a basis for AW, where 4*V, A*W are exterior powers of vector spaces
V and W respectively.

Let A: W—V be a linear transformation such that

(3.2) Af.) = Z Qi€ 5
(3.3) tz(eis) =2 aaisfa .

We repeat that 1 < r, s, ¢t < . Define
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(3.4 A A N - N) = AG) N - N AT -
Then
(3.5) A A, N - N) = X det(agz e, N - Ney,.
i1Ave Ay

For the purpose of simplification, we adopt the following notations :

Let I denote (i, ---,i) with 1 <i << ---<i,<m, J denote
(ety, -, a) with 1 <, <y < -+ - < at, < 1, and Dy denote det (a, ) where
a,’s are components of J and i,’s are components of /. Then

ar:

(3.6) AAG N - A ) = ‘IL Di(e, N\ --- Ne),
where the sum is over all possible I's.
Define
3.7 B=A'4.
Then
(3.8) B(e;,) = 35 X Quys,8agis®, -

it as
The elementary symmetric function of f is defined to be the elementary
symmetric function of B, in other words, is defined to be the trace of 4“B
which will be denoted as u. Before going further, we shall state the following
lemma in linear algebra; its proof is in [7].

Lemma. If P is any matrix with n-columns, and Q any matrix with
n-rows, then any t-rowed determinant of the matrix PQ is equal to a sum of
terms, each of which is the product of a t-row determinant of P and a
t-columned determinant of B.

By using this lemma, we can write

3.9 u=trd*B =3, >, |D{F,
I J

where

(3.10) Dy = det(a,,:,) -

We shall now discuss some examples of the ratios of distance, volume
elements and intermediate volume elements.

Let {#;}, {w.} be the unitary ccframe fields of two hermitian manifolds M
and N respectively, and f: M — N be a holomorphic mapping such that

(3'11) f*a)a = Z aaiei .

Then

(3.12) o, A B) = 3 @by N 8, .
i,
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From now on we shall omit f* without fear of confusion. It is clear that the
m X m matrix

(3.13) (b)) = (2 il
is self-adjoint and positive semi-definite. Let 2, -- -, 2, be its eigenvalues.
Then
(3.14) 220, for1<i<m,
(3.15) ds% = z, 0By = 40,0, + - 4+ 2ufnlfn
S+ -+ )00, + - + Oa05) .
Let
(3.16) | U= T h= 5 0d.
Then
(3.17) dsy < udsy ,

where u is a well defined function on M, and gives, by looking at (3.17), a
good control of the ratio between the distances of M and N.
By raising (3.12) to the m™ power, let

(S 0 N @™

3.18 v = _ = Dip, form<n,
318 S A

where

(3.19) D7 = det(a,,;) .

Then v is geometrically the ratio of intermediate volume elements.
For the special case in which m = n, v is the ratio of volume elements and

(3.20) v=DD,
where
(3.21) D = det(a,,) .

4. Holomorphic mappings of hermitian manifolds

As before, let f: M — N be a holomorphic map such that

f*wa = Z aaiai s
z
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or in short,

4.1) w, = 3, a.0; .

By taking exterior derivatives Z

4.2) do, = 3 (da,; N 0, + a,db,) ,

and making use of (2.2) and it; corresponding formulas for d¢;, we get
(4.3) }; (da,; — ; a,;6;; + %‘, Ag;wap) N 0; + ZJ a0, —2,=0.

Since the torsion terms are of type (2, 0), it allows us to put

(4.4) da,; — 3 a0 + Zﬁ: AgiWep = ; @i »
7
where a,;, satisfies the relations
4.5 2 Gl N O, + 3 a0, — 2,=0.
i,k i

Similarly, we take the exterior derivative of (4.4) and obtain
- ; da,; N\ 6;; — ZJ] a,,d0;; + Zﬁ] dag; N\ w.e + }; G5idw.g
= X da, N O + 3 Gudt;
Using (4.4), (2.2), (2.5) and simplifying we get
; (da,; — ZJ; @il — Z,; @iilji + 23 Geinep) /\ Or
= — ; @40 + ZJ: a8 — Zﬁ: Agif,5 -

(4.6)

4.7

Suppose that

(4.8) - Zk; @30, = ;‘Z; Qb N\ 0,
(4.9) Z a,;0;; — Zp: Q2,5 = kZL: b N 0, ,
J y
where
(410) ba.ikl, = —;—(Zj: aajRJ'ikl - Zrlﬂaﬁiarkaﬂksaﬁm) .
Then

Ao — 21 @i — 25 ejnlse + ; g Wap
7 7
= Zz; a2y + ; b0 »

which will be useful in proving

(4.11)
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Theorem 4.1. Let f: M — N be a holomorphic mapping as in (4.1), and
u the function on M defined in (3.16). Then

F44=23 auf + 3 aa

(4.12) ahd
— ZZL a%]fﬂ%ﬂu rkaqksnﬂm 5
or
1 2 - _
(4-13) —A 10g U= — Z az a] aaiaﬁiarkayﬂasaﬁrr}) .
2 U a,4,j Lk aB,r,y

Proof. By taking exterior derivative of (3.16) and using (4.4),
du = Z Zl’ai(Z_ aaijﬁj + Z aajﬁji _ ; aﬁimaﬁ)
a,? J 7
+ 2 a. (X 8uif; + 2 4o — ; Q3B op) -
a, J 7

Since we select unitary coframes, we have

4.14)

0ij+9ji=05

4.15
( ) (O PY] + aap = O .

By interchanging appropriate indices, i into j and « into 2, and using (4.15)
we get

(4-16) du = Z at az]6 + Z aazaaw
a,%,f a,t,]

Comparing (4.16) with (2.20) we have

(4.17) Z Aoillais -

Remark. We should realize that (4.17) is obvious even without using (4.15),
since u and u; are functions on M, and é;;, w,.s, etc. are pull-back forms of
the principal bundle, which should cancel out each other automatically. Then
by considering the remark at the end of §2 and comparing (4.16) with (2.2),
(4.17) can be written out in one step.

Now making use of the remark at the end of §2, and (4.10), (4.11), and
applying the above technique to

4.18) Au; = 3, 8,dauy; + 3, G508
we get
(4.19) Uje = 2 Qoijlosry + 23 Guibassnc -

It follows that




308 YUNG-CHEN LU
Ui = 25 |Cuel* + 25 Cuibesn
a,l a,?

(4.20) = 2 |l® + %_. 2 QiR 51

a7
1

- Z aaiaﬁiarkavksaﬂrv .
2 4kt

From (2.27) and (2.28) we have (4.12) and (4.13), since
Zk: Rjikk = Rji s

4.21) _
u Zk|aaik|2 - Zk: Ui, = 0.

In general, we can prove
Theorem 4.2. Let f: M — N be a holomorphic mapping as in (4.1), and
u the general elementary symmetric function of f as in (3.10). Then

(4.22) $du=E + R, 8 — 8¢, 9),

where E is a non-negative quantity, R(E, &) and S(&, &) are sums of Ricci
tensors of M and curvature tensors of N respectively as given by (4.32) and
(4.33).
Proof. In this case u = }; > IDJF. Define
I J

4.23) u] = DIDY,
®

4.24) D, = sZ=:1 %} efribras - (@pug) <0 Gag, s
3

(4.25) Di ., = sZ=:1 %} 551:::5,’:“;1111 coe (bpgg) gz, >

where a,;, and b, ; ,, are defined in (7.4) and (7.10). Further define
(4.26) D7y = % eftiinag, - (@) -0 gy s

4.27) (D) = 3 ettt - (@) -+ A,

Using the same technique as in Theorem 4.1, it is easy to see

%Au{ =2 3 1Di4F +Df 5, T IDAISR,,
=1

4.28) s=1J
— D} ; P {Z [Dﬂfsarkaqksa;}sm} ’
77 $,a
or
Lau=23 5D} + 3 (D] 3 IDIIR,,,
(4.29) 2 57 E 7 57

— DI 3 (X [DY15sa,a,S.4,,,) -

kr,p 5,2
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Letting

(4.30) E=2 § 2 |1 DILE,

(4.31) REH=x {Df 2 DR

(4.32) S& &) = T DL T (3 [DA0:8:S.5,)

we can then see that (4.29) gives exactly what we need. g.e.d.
If we define

(4.33) D7, = ; § ehribmagy oo (@) <0 Qo »

(4.34) (D7) = ¥ ehtitbnden - - @a) -+ Gym »

(4.35) (D7) = 3 eliiltintsn -+ - (@) -+ Gopm

then we have
Corollary 4.3. For the function v defined in (3.18),

(4.36) f$dv = Z Z |D7 . + ¥R — Z DJ{ 2 (3 [D71ES, 5,008 8,0) -

kg oad

Proof. By looking at (4.29) we only have to explain the second term on
the right hand side. In this case we can easily see that

(4.37) 5 D’ 3 [D’YR,; = ¥ D'D'R = %R .
J 7 J

By substituting (4.37) in (4.29) and changing D{’s into D”’s, (4.36) is then
obvious.

Corollary 4.4. For the function v, defined in (3.19), which is the ratio
of volume elements of M and N in the case m = n,

(4.38) Lo = DD, + 2R — ¥ 0,345, ,
4 B 2 a, B,k

where

(4.39) D, = Z 5“ .z”aux (aijjk) crt lyun e

Proof. By the same reason as that for deriving (4.37),

D > > D] Saﬁrv; 1l = Z DDSrnarkavk
(4.40) Forsn a8
= 'U Zk Smarkavk
77

Then (4.38) is obvious, and is the formula proved by Chem in [5].
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5. Applications

So far what we have derived is the general Laplacian formula for symmetric
functions. In this section we use (4.36) and (4.12) to prove some geometrical
conclusions. The first conclusion will be a generalization of a thecrem in
Chern’s paper [5], and another one is a theorem, in a different form from
that appearing in Kobayashi’s recent paper [6], concerning distance-decreas-
ing mappings.

Now we assume f: M — N is a holomorphic mapping between hermitian
manifolds with dimensions m and »n respectively.

Definition 5.1. f is degenerate at a point p in M if u vanishes at p, where
u = 3 |D7} is the ratio function of intermediate volume elements as in (3.18).

Geémetrically, f degenerate means that the induced linear map f, on the
tangent space at p is not univalent.

Definition 5.2. f is totally degenerate if u vanishes identically.

Definition 5.3. An Einstein manifold M of dimension # has K-exhaustion
property if M is exhausted by a sequence of open submanifolds

5.1 McMc..-cM,

whose closures M, are compact and such that
(1) toeacha=1, 2, --- there is a C~ function v, > 0, defined in M,,
satisfying the inequality

(5.2) Lo, < B s Kexpo.,
2 m

where K is a given positive constant;

(2) wv.(py) — oo if p, is a divergent sequence of points in M, (an infinite
sequence of points p, in M, is called divergent, if every compact open set of
M, contains only a finite number of points of the sequence).

This kind of manifold is not uncommon because all bounded symmetric
domains and especially the m-dimensional unit ball have this property.

Now we proceed to establish the main theorems of this section.

Theorem 5.1. For compact M, let R be the scalar curvature of M, and
sy, L€ curvature tensor of N.

(1) 1If R > 0 and the curvature transformations are non-positive on all
kinds of tensors, then f is totally degenerate.

(2) If R <0 and the curvature transformations are non-negative on all
kinds of tensors, then f is degenerate at some point of M.

Proof. (1) Since M is compact, « attains its maximum at a point p, in M.
If u is not identically zero, u(p,) > 0. Since D is a function on M, covariant
differentiation is the same as the usual one and hence D7 ; is zero at a
maximum point, i.e. D’ .(p,) = 0. With our hypothesis and formula (4.36
it is clear that :

S
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(5.3) (duy,, > 0.
However, since p, is the maximum point of u, we have
(5.4) (dw),, <0,

which is a contradiction.
Assertion (2) is proved similarly by the consideration of the minimum of .
Theorem 5.2. Let f: M — N be a holomorphic mapping, where M is an
Einstein manifold of dimension m with K-exhaustion property, and N is an
hermitian manifold of dimension n with negative constant holomorphic sec-
tional curvatures (= —K, for some positive constant K). Then

(5.5) v=logu < v,,

where u = 3 a,,4,; as in (3.16).

Proof. Let E be the open set defined by £ = {xeM|v > v,}. In E we
have u = } a,,4,; > 0. From (4.31) we have

1o _ _
(5.6) _12.4 logu = 1[0 aa Ry — 5 T GulyuyS.sn] -

U aij 6k a,B,7,7

The condition for M to be Einsteinian is

R

(5.7 Rj=—0;,
m
in which case (5.6) reduces to
1 R 1 - _
(5.8) —Z—A'U = Tn— - *n- § 052, aaiaﬁiarkavksaﬁrv -

The condition for N to have negative constant holomorphic sectional curvature
(::. —K) is
_Z Z aaiaﬁiarkayﬂcsaﬁm
2.k a,B.7.3
= —K Zk (Z aaiaak)(§ apiapk) < —Ku*,
Z, a
which reduces (5.8) to

5.9 _I_sz_l_i_ + Kexpv.
2 m
From (5.2) and (5.9) we have

(5.10) %A(fv — v,) > K(expv — exp v,) .
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Since the exponential function is increasing, 4(v — v,) >0 in E, and v — v,
cannot have a maximum in E. Hence v — v, must approach its least upper
bound on a sequence of points p,, p,, - -- tending to the boundary of E.
This sequence cannot have a limit point p, in M,, for otherwise at the point
Dos ¥ — v, > 0, and p, would belong to E and be a maximum for v — v,. It
cannot be divergent either, for otherwise v, — oo and v is bounded. These
show that E is empty, and hence v < v,. q.e.d.

In Chern’s paper [5] we know that the unit ball D., is an Einstein manifold
with 2n(n + 1)-exhaustion property such that

(5.11) v, = log (_I_:Lz)mﬂ,

pz__ra

where 0 <r < p<1. Asp—1, v,— 0 giving us

Theorem 5.3. Let f: D,, — N be a holomorphic mapping, where D, is
the unit m-ball in C™ with the standard Kaehler metric, and N is a n-dimen-
sional hermitian manifold with negative constant holomorphic sectional curva-
ture (= —2m(m + 1)). Then f is distance-decreasing.
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